The dualistic structure of statistical manifolds in information geometry yields eight types of geodesic triangles passing through three given points, the triangle vertices. The interior angles of geodesic triangles can sum up to π like in Euclidean/Mahalanobis flat geometry, or exhibit otherwise angle excesses or angle defects. In this paper, we initiate the study of geodesic triangles in dually flat spaces, termed Bregman manifolds, where a generalized Pythagorean theorem holds. We consider non-self dual Bregman manifolds since Mahalanobis self-dual manifolds amount to Euclidean geometry. First, we show how to construct geodesic triangles with either one, two, or three interior right angles, whenever it is possible. Second, we report a construction of triples of points for which the dual Pythagorean theorems hold simultaneously at a point, yielding two dual pairs of dual-type geodesics with right angles at that point.
Introduction and motivation
In Euclidean geometry, it is well-known that the sum of the three interior angles of any triangle always sum up to π (Figure 1 ), and that Euclidean triangles can have at most one right angle ( π 2 radians or 90 • ). These facts are not true anymore in hyperbolic geometry nor in spherical geometry [27] , where the total sum of the interior angles of a triangle may vary [31] :
• In hyperbolic geometry, hyperbolic triangles have always angle defects, meaning that the total sum of the three interior angles of any hyperbolic triangle is always strictly less than π. In the extreme case of hyperbolic ideal triangles, the total sums of their interior angles vanish since the interior angle at an ideal vertex is always 0. Figure 2 displays a right angle hyperbolic triangle and a hyperbolic ideal triangle.
• In spherical geometry, spherical triangles have always angle excesses, meaning that the sum of interior angles of any spherical triangle is always strictly greater than π, and is provably upper bounded by 3π radians or 540 degrees. Moreover, there exist spherical triangles with one, two, or three right angles, as depicted in Figure 2 . More generally, in Riemannian geometry [10] , the angle excess or defect of a geodesic triangle reflects the total curvature enclosed by the geodesic triangle via the Gauss-Bonnet formula; The general Gauss-Bonnet formula states that the integral of the scalar curvature of a closed surface is 2π times the Euler characteristic χ of that surface (a topological characteristic). The hyperbolic geometry, Euclidean geometry and spherical geometry can be studied under the framework of Riemannian geometry, as a manifold of constant negative curvature, a flat manifold, and a manifold of constant positive curvature, respectively.
In this work, we consider the dualistic structure (M, g, ∇, ∇ * ) of information geometry [9, 3] which can be derived from the statistical manifold structure of Lauritzen [12] (M, g, C): Namely, a simply connected smooth manifold M is equipped with two dual torsion-free affine connections ∇ and ∇ * such that these connections are coupled with the metric tensor g, meaning that their induced dual parallel transport preserves the metric [16] . We shall describe in details that dualistic structure in §2.
Any distinct pair of points p and q on the manifold M can either be joined by a primal ∇geodesic arc γ pq or by a dual ∇ * -geodesic arc γ * pq . Thus any triple of points (p, q, r) of M can be connected pairwise using one of 2 × 3 2 = 6 primal/dual geodesic arcs. Let us parameterize these primal/dual geodesic arcs by γ pq (t) and γ * pq (t) so that γ pq (0) = γ * pq (0) = p and γ pq (1) = γ * pq (1) = q. Denote by v pq := d dt γ pq (t) t=0 =γ pq (0) and v * pq :=:= d dt γ * pq (t) t=0 =γ pq (0) the tangent vectors of the tangent plane T p to the primal and dual geodesics, respectively. Two vectors u, v ∈ T p are orthogonal in T p (denoted notationally by u ⊥ p v) iff. g p (u, v) = 0:
More generally, two smooth curves c 1 (t) and c 2 (t) on the manifold are said orthogonal at a point p = c 1 (t 1 ) = c 2 (t 2 ) iff. g p (ċ 1 (t 1 ),ċ 2 (t 2 )) = 0. A geodesic triangle T passing through three points p, q, and r (i.e., the triangle vertices) is a triangle with edges linking two vertices defined either by primal or dual geodesic arcs. Thus the dualistic structure of information geometry yields 2 3 = 8 types of geodesic triangles passing through any three distinct given points p, q and r. Let "p" or • stands for primal and "d" or • stands for dual. A primal geodesic arc γ pq and a dual geodesic arc γ * pq may also be written γ • pq and γ • pq , respectively. The 8 types of geodesic triangles are: ••• ppp, ••• ppd, ••• pdd, ••• pdp, ••• ddd, ••• ddp, ••• dpp, and ••• dpd. We can group these eight types of geodesic triangles into two groups of four geodesic triangles each as shown in Table 1 . 1 The interior angle α p (c pq , c pr ) of a geodesic triangle T = c pq c qr c rp (where c ab stands either for γ ab or for γ * ab ) at p is measured according to the metric tensor g as follows:
where v p = g p (v, v) measures the length of vector v ∈ T p . The total sum α(T ) of the three interior angles of a geodesic triangle T = c pq c qr c rp is defined by
We may specify a geodesic triangle as follows: T E (p, q, r) where p, q, r ∈ M are the three triangle vertices (points on M ), and E ∈ (t 1 ∈ {p, d}, t 2 ∈ {p, d}, t 3 ∈ {p, d}) is the type of primal/dual geodesic edges of the triangle so that
A geodesic triangle T = T E (p, q, r) with all primal geodesics arcs (E = (p, p, p)) is called a ∇-triangle, and its dual geodesic triangle T * = T E * (p, q, r) (with all dual geodesic arcs, i.e., E * = (d, d, d)) is called a ∇ * -triangle.
By considering duality of geodesic triangles and permutations of the triple of points p, q and r, we may reduce the study of interior angles between a pair of geodesics at a vertex to three types of primal geodesic triangles (type ppp, pdp, and pdd) with their corresponding dual geodesic triangles (type ddd, dpd and dpp, respectively).
A particular case of information-geometric manifolds are dually flat spaces [3] induced by a strictly convex and C 3 function F called the potential function. In a dually flat space M , there are two global dual affine coordinate systems θ and η (with M = {p : θ(p) ∈ dom(F )}), and a generalization of the Pythagoras' theorem holds [3] . The divergence D F (p : q) (potentially oriented distance, D F (p : q) = D F (q : p)) between two points p and q can be expressed using the Bregman divergence B F on their primal coordinates:
Whenever it is clear from context, we shall write D instead of D F for conciseness.
Since the canonical divergence of a dually flat space (M, g, ∇, ∇ * ) amounts to a Bregman divergence [3] , we shall also call these dually flat spaces Bregman manifolds (M, F ) in the remainder. When the Bregman generator is F Euc (θ) = 1 2 θ θ, we recover the Euclidean geometry (a self-dual Bregman manifold) where the Euclidean divergence is half of the squared of the Euclidean distance. Beware that the Euclidean distance is a metric distance but the Euclidean divergence is not. Figure 4 displays the 8 types of geodesic triangles in a Bregman manifold obtained for the 2D generator F Burg (θ) = − log θ 1 − log θ 2 (called Burg negentropy [22] ) with corresponding Bregman divergence called the Itakura-Saito divergence [22, 5] .
In this paper, we raise and (partially) answer the following questions on a statistical manifold: Figure 3 : The 2 × 3 = 6 potential geodesic arcs (edges) of a geodesic triangle T visualized both in the primal θ-coordinate system (left) and in the dual η-coordinate system (right). The vertices are θ(p) = (0.55, 0.575), θ(q) = (0.75, 0.95) and θ(r) = (0.95, 0.6) for the Bregman manifold defined by the 2D Burg negentropy: F Burg (θ 1 , θ 2 ) = − log(θ 1 ) − log(θ 2 ). Primal geodesic arcs are shown in red and are visualized as straight line segments in the θ-coordinate system. Dual geodesic arcs are shown in blue and are visualized as straight line segments in the η-coordinate system.
Q1.
When and how can one build geodesic triangles with one, two and three right angles?
Q2. When and how can one build dual geodesic triangles T and T * such that at a triangle vertex, we have two pairs of dual geodesics emanating from that vertex that are simultaneously orthogonal?
Q3. When is there a relationship or inequality between α(T ) and α(T * )?
In this work, we are interested in studying these questions and unraveling some properties of geodesic triangles in the particular case of dually flat spaces, Bregman manifolds. In Bregman manifolds, the Pythagorean theorem allows one to check that a pair of dual geodesics is orthogonal at a given point by checking some divergence identity. In general, the Pythagorean theorem is useful to prove uniquess of projections in particular settings, interpret geometrically projections based on the divergence, and design derivative-free projection algorithms [1] . In information geometry, besides the dually flat spaces, Pythagorean theorems with corresponding divergence identities have also been reported for α-divergences on the probability simplex [3] and the logarithmic L α Hdivergences [32] where H is an exponentially concave generator.
The paper is organized as follows: First, we quickly review the construction of Bregman manifolds in §2, thereby introducing familiar concepts and notations of information geometry [3] , and give as examples of Bregman manifolds details for the Mahalanobis manifolds ( §2.4.1), the extended Kullback-Leibler manifold ( §2.4.2), the Itakura-Saito manifold ( §2.4.3), and the multinoulli manifolds ( §2.4.4). Then Section 3 shows, whenever it is possible, how to build geodesic ∇-triangles which have one, two or three right angles (thus necessarily exhibiting angle excesses for two and three right angle triangles). In §4, we prove that given two distinct points p and q, the locii of points r for which we have simultaneously the dual Pythagorean theorems holding at r are the intersection of an autoparallel ∇-submanifold with an autoparallel ∇ * submanifold (i.e., the intersection of a θ-flat with a η-flat [3] ). We report explicitly the construction method for the 2D Itakura-Saito manifold and visualize several such triangles. Finally, we summarize and hint at further perspectives in §5.
Dually flat spaces: Bregman manifolds
We first explain the mutually orthogonal primal basis and reciprocal basis in an inner product space in §2.1. Then we describe dual geodesics and their tangent vectors and the dual parallel transport in §2.2. In §2.3, we explain the Pythagorean theorem, and §2.4 provides some common examples of Bregman manifold: Mahalanobis self-dual manifolds, the extended Kullback-Leibler manifold and the Itakura-Saito manifold.
Preliminary: inner product space and reciprocal basis
An inner product space is a vector space V equipped with a symmetric positive definite bilinear form ·, · : V × V → R called the inner product. The length of a vector v ∈ V is given by its induced norm v = v, v , and the angle between any two vectors u and v is measured
(in radians). We consider finite D-dimensional inner product spaces where a vector v can be expressed in any basis B = {e 1 , . . . , e D } (a maximum set of linearly independent vectors) by its
Vector v can also be expressed equivalently in an other basisB = {ê 1 , . . . ,ê D }: v = D i=1v iê i . Notice that in general the components v B and vB are different although they express the same geometric vector v according to their respective basis B andB. We can express the basis vectorsê i using basis B and the basis vectors e i using basisB asê i =Â j i e j and e j = A j iê j , respectively (using Einstein summation convention). We haveÂ j i A k j = δ k i where δ j i is the Krönecker symbol (δ j i = 1 iff. i = j and 0 otherwise), and the changes of basis reflects on components as v i =Â i jv j andv i = A i j v i . When the basis B is orthonormal (i.e., e i , e j = δ ij where δ ij is the Krönecker symbol: δ ij = 1 iff. i = j and 0 otherwise) the vector components can be retrieved from the inner product as v i = v, e i = D j=1 v j e j , e i = D j=1 v j e j , e i . This is no longer true for non-orthormal basis (e.g., an orthogonal but non-orthonormal basis or an oblique basis). Let us introduce the unique reciprocal basis B * = {e * 1 , . . . , e * D } such that by construction, we have e i , e * j = δ j i . The vector v can be expressed in the reciprocal basis as v = D i=1 v i e * i . The vector components v i (superscript notation) wrt. basis B are called the contravariant components, and v i = v, e * i . The vector components v i (subscript notation) wrt. basis B * are called the covariant components, and v i = v, e i . (We shall explain this contravariant/covariant component terminology at the end of this section.)
Let G = [g ij = e i , e j ] ij and G * = [g * ij = e * i , e * j ] ij denote the D × D positive definite matrices, called dual metrics. These dual metric matrices are inverse of each other: G * = G −1 . In textbooks, one often drops the superscript star '*' in the notation of the reciprocal basis and the dual riemannian metric, see [3] . Here, we keep them explicitly for easing the understanding, even if they load the notations.
We can convert the contravariant components v i of a vector v to its covariant components v i , and vice versa, using these metric matrices
B denote the vector components of u in basis B arranged in a column vector. Then we rewrite the contravariant/covariant conversions as matrix-vector multiplications of linear algebra:
The inner product between two vectors can be written equivalently using algebra as
In differential geometry [3, 16] , a smooth manifold M is equipped with a metric tensor field g that defines on each tangent plane T p of p ∈ M an inner product. The dual of a tangent plane T p is the cotangent plane T * p , a vector space of linear functionals. In general, tensor fields define at each point of the manifold component-free geometric entities that can be interpreted as multilinear functionals over Cartesian products of dual covector and vector spaces. A vector v of T p is a rank-1 tensor that can be expressed either using the covariant or contravariant components of a reciprocal basis. Thus one should not confuse the notion of "geometric vectors" that are tensors (coordinate-free objects independent of the choice of the basis) with the "column vectors" of vector components in a basis which are used to perform linear algebra calculations on (geometric) vectors. When the components of a tensor vector varies with the inverse transformation of the change of basis, we say that we have a contravariant (tensor) vector (a (0, 1)-tensor), and its components are called contravariant components. When the components of a tensor vector varies according to the transformation of the change of basis, we say that we have a covariant (tensor) vector (a covector or (1, 0)-tensor, i.e., an element of the dual vector space V * of linear functionals or linear forms), and its components are called covariant components. The metric tensor g is a (2, 0) covariant tensor [16] .
Dual geodesics and their tangent vectors, and dually coupled parallel transport
Let F (θ) be a D-dimensional C 3 real-valued function defined on an open convex domain Θ, and denote by F * (η) its Legendre-Fenchel convex conjugate [3, 16] : F * (η) = sup θ∈Θ θ η − F (θ). The dual potential functions F and F * induce two torsion-free flat affine connections [16] ∇ and ∇ * , respectively. A Bregman manifold M is equipped with two global affine coordinate systems θ(·) (the ∇-affine coordinate system) and η(·) (the ∇ * -affine coordinate system) such that it comes from Legendre-Fenchel transformation that η(θ) = ∇F (θ) and θ(η) = ∇F * (η). Let θ i (p) and η i (p) denote the primal i-th θ-coordinate functions and the dual i-th η-coordinate functions of a point p, for i ∈ {1, . . . , D} so that θ(p) = (θ 1 (p), . . . , θ D (p)) and η(p) = (η 1 (p), . . . , η D (p)). Notations are summarized in Appendix A. Any point p ∈ M can be expressed equivalently either in the primal global θ-chart or the dual global η-chart. The dual geodesics 2 γ pq and γ * pq passing through two given points p, q ∈ M write simply using the dual coordinate systems as follows:
The dual Riemannian metrics [g ij ] = [g ji ] and [g * ij ] = [g * ji ] are induced by the Hessians of the dual potential functions F and F * (both symmetric positive-definite matrices), respectively. At any given point p ∈ M , we consider the natural basis {e i = ∂ i = ∂ ∂θ i } and the reciprocal basis
That is, the basis vectors of the primal and reciprocal basis are mutually orthogonal. We have
. We can check that the natural primal basis and the dual reciprocal basis are mutually orthogonal from Crouzeix identity:
where I denotes the D × D identity matrix. Note that Eq. 11 can be read using a single coordinate system as
where ∂ i = ∂ ∂θ i . Similarly, a tangent vector v * pq at the dual geodesic γ * pq is a vector of the tangent plane T p with covariant components η(q) − η(p) (expressed in the reciprocal basis
where ∂ i = ∂ ∂η i . In general, for separable Bregman generators, i.e.,
where the F i 's are scalar strictly convex and C 3 functions, we can choose both the primal and reciprocal basis to be orthogonal but they are not necessarily orthonormal (except in the special case of the Euclidean geometry obtained by
The metric tensor field g defines a smooth scalar product g(·, ·) on the tangent bundle T M (informally, the union of all tangent planes) such that for any two vectors u, v ∈ T p , we have
In each tangent plane, we thus have an inner product space. The contravariant and covariant components of a vector v can be retrieved using the inner product with the reciprocal basis and the primal basis, respectively: v i = g(v, e * i ), and v i = g(v, e i ). We can also use vector-matrix multiplications of linear algebra to calculate the inner product:
where [u i ] and [u i ] denote the column-vector of the contravariant components of u and covariant components of u, respectively.
we therefore have the following equivalent rewritings of the inner product:
When the generator F (θ) is separable, i.e., F (θ) = D i=1 F i (θ i ) for univariate generators F i 's, the inner product at a tangent plane T p writes equivalently as (using Einstein summation convention):
Given two vectors u, v ∈ T p , we measure their lengths u p and v p and the interior angle α p (u, v) between them as:
Notice that the Hessian metric g and g * are not conformal (i.e., not a positive scalar function of the Euclidean metric), and that we cannot "read" the angles directly in the θ-or η-coordinate systems. In other words, the Euclidean angles displayed in the θ-or η-coordinate systems do not correspond to the intrinsic angles of the underlying Bregman geometry. Figure 5 shows a visualization of the metric tensor field for the Itakura-Saito manifold (with [g ij ](θ) = ∇ 2 F (θ) = diag( 1 sqr(θ 1 , 1 sqr(θ 2 ) ) for 2D θ = (θ 1 , θ 2 )). Dually flat spaces are a particular case of more general (local) Hessian structures studied in [29] .
In information geometry [3] , the dually flat torsion-free affine connections 3 ∇ and ∇ * are coupled the metric tensor g. An affine connection ∇ is flat iff. there exists a coordinate system such that its Christoffel symbols Γ expressed in a coordinate system vanishes. For Bregman manifolds, we have both Γ ijk (θ) = 0 and Γ * ijk (η) = 0, see [3] , so the connections ∇ and ∇ * are both flat. Notice that a cylinder is ∇-flat for the natural Euclidean connection but geodesic triangles on the cylinder have interior angles not summing up to π. That is, let X (M ) denotes the space of smooth vector fields (the cross sections of the tangent bundles T M ). We say that the two torsion-free affine connections ∇ and ∇ * are dual when it holds that Figure 5 : Visualization of the metric tensor field g(θ) = diag 1 sqr(θ 1 ) , 1 sqr(θ 2 ) for the 2D Itakura-Saito manifold. The metric tensor field g is not conformal. This can be seen from ellipses depicting the metric tensors (tiny Bregman circles) at regularly sampled grid positions which are not scaled (Euclidean) circles.
An important consequence of the coupling of the dual connections to the metric is that the dual parallel transport preserves the metric.
Let us choose by convention to fix the primal basis of the tangent vectors at T p for any p ∈ M to be the e i 's, the one-hot vectors in the θ-coordinate system, i.e., e i = (0, . . . , 0 i−1 , 1, 0, . . . , 0) (the standard basis of R D ). This is the canonical basis. 4 Since the ∇-connection is flat, the primal parallel transport p,q (v) of a vector v of T p to a corresponding vector T q is independent of the chosen smooth curve, and we have for
That is, the contravariant components of v do not change with primal parallel transport assuming that the primal basis is fixed for all tangent planes, i.e., B q = B p , ∀p, q ∈ M (and e i | p = e i | q ). Similarly, since the ∇ * -connection is flat, the dual parallel transport * p,q (v) of a vector v of T p to a corresponding vector of T q is independent of the chosen smooth curve, and we have *
However, because B * q = { e * i q } is the reciprocal basis of the fixed primal basis B q = { e i | q } = e i , the basis B * q varies accordingly to the metric tensor g (and B * q = B * p ). Indeed, in general, we cannot Figure 6 : Dual parallel transport of tangent vectorγ * pq (0) at T p along the ∇ * -geodesic: Since the dual geodesic γ * pq (t) is a ∇ * -autoparallel curve, the tangent vector atγ * pq (0) is transported into tangent vectors along that dual geodesic.
fix both the primal and reciprocal basis in all tangent planes because they relate to each other by construction by the metric tensor. This is only possible when G(θ(p)) = G * (η(p)) = I, the D × D identity matrix, corresponding to the special case of Euclidean or Mahalanobis geometry.
Let us now check the metric compatibility of the dual parallel transport of two vectors u, v ∈ T p to T q :
Proof. We have Figure 6 displays the parallel transport of the tangent vectorγ * pq (0) from T p to T γ * pq (t) for several time steps t. Although the dual parallel transport preserves the metric, the length of a vector transported by either the primal or the dual parallel transport varies.
Historically, the dual parallel transport coupled to the metric tensor was studied independently by Norden [26] and Sen [28] in the 1930's and 1940's, respectively.
Dual Pythagorean theorems
The divergence D F (p : q) from a point p to a point q can be expressed using dual Bregman divergences as follows:
where D * F (p : q) := D F (q : p) denotes the reverse divergence, and
is the Bregman divergence associated to generator F . Bregman divergences generalize the squared Euclidean distance with the relative entropy, and thus offer a nice framework to unify or develop generic algorithms [4] . Bregman divergences proved useful in machine learning [5] and topological data analysis [8] among others. Now, consider two smooth curves c 1 (t) and c 2 (t) intersecting at a point p = c 1 (0) = c 2 (0). Denote byċ 1 (0) = d dt c 1 (t) t=0 andċ 2 (0) = d dt c 2 (t) t=0 the tangent vectors to the curves at point p, belonging to the tangent plane T p . Curve c 1 is said orthogonal to curve c 2 at p, i.e., c 1 (t) ⊥ p c 2 (t), iff. g p (ċ 1 (0),ċ 2 (0)) = 0.
In a Bregman manifold, the remarkable following generalized Pythagorean theorem holds:
Theorem 1 (Generalized Pythagorean theorem) When a primal geodesic γ pq is orthogonal to a dual geodesic γ * qr at point q (i.e., γ pq ⊥ q γ * qr ), we have (θ(p) − θ(q)) (η(r) − η(q)) = 0, and the following Pythagorean divergence identity holds:
Proof. The proof proceeds in two steps:
• First, Let us show that the test (θ(p) − θ(q)) (η(r) − η(q)) = 0 can be rewritten as an inner product showing that
where v qp denotes the tangent vector at q of the primal geodesic γ pq , and v * qr is the tangent vector at q of the dual geodesic γ * qr . Indeed, the inner product is g(v qp , v * qr ) = (v qp ) i (v * qr ) i and we have
where θ pq := θ(p) − θ(q) (contravariant components of v qp ) and η * rq := η(r) − η(q) (covariant components of v * qr ). That is, [(v qp ) i ] = θ pq and [v * qp ] i = η pq . Using the Crouzeix identity [6] of Eq. 11, we get
The term (∇ 2 F * (η(q))) × [η * rq ] gives the contravariant components θ * rq of the vector v * qr . Thus we have checked that
That is,
• Now, let us prove the Pythagorean identity when γ pq ⊥ q γ * qr . We use the Bregman 3-parameter identity [4] which generalizes the Euclidean law of cosines:
Instantiating this identity with θ 1 = θ(p), θ 2 = θ(r) and θ 3 = θ(q), and plugging the fact that (θ(p) − θ(q)) (∇F (θ(r)) − ∇F (θ(q))) = 0, we get
Notice that the Bregman 3-parameter identity can be proved by checking that the left-hand side equals the right-hand side of Eq. 41. Another direct proof consists in writing:
Adding Eq. 45 with Eq. 46 and subtracting Eq. 46 from them, we get:
from which it follows that
More generally, we have D F (γ pq (t) : q) + D F (q : γ qr (t )) = D F (γ pq (t) : γ qr (t )), ∀t, t ∈ (0, 1).
That is, once we have a triple of points (p, q, r) for which the generalized Pythagorean theorem holds, we can build an infinite number of such triple of points: (γ pq (t), q, γ qr (t )) for t, t ∈ (0, 1). Figure 7 illustrates this view of the generalized Pythagorean theorem. Euclidean geometry with its ordinary Pythagoras' theorem is recovered as the special case of a self-dual Bregman manifold (when the dual potential functions coincide) induced by the Bregman generator F Euc (θ) = 1 2 θ θ. Notice that the tangent vector v * pq =γ * pq (0) of the dual geodesic γ * pq (t) is written using the covariant components in the reciprocal basis of T p as η(q) − η(p). This tangent vector can be written equivalently using the contravariant coordinates as Figure 8 displays an example of two primal and dual geodesic arcs linking p to q with the tangent vectors γ * pq (0) at p of the dual geodesic γ pq . When we exchange the role played by points p and r in the above Pythagorean theorem, we obtain the following dual Pythagorean theorem: Figure 7 : The generalized Pythagorean theorem in a dually flat space. Left: ordinary statement for dual-type geodesics γ qp and γ * qr orthogonal at a point q. Right: Extended statement where the points can move along the dual geodesics γ pq (t) and γqr * (t ). Theorem 2 (Dual Pythagorean theorem) When a dual geodesic γ * pq is orthogonal to a primal geodesic γ qr at point q ( γ * pq ⊥ q γ qr ), we have (η(p) − η(q)) (θ(r) − θ(q)) = 0 and the following divergence identity:
or equivalently D F (r : q) + D F (q : p) = D F (r : p).
Notice that we can write the Bregman generalized law of cosines of Eq. 41 geometrically (i.e., without relying on any prescribed coordinate system) as follows:
It follows that
• when α r (γ rp ,γ * rq ) ∈ 0, π 2 (acute angle), we have D F (p : q) < D F (p : r) + D F (r : q), • when α r (γ rp ,γ * rq ) = π 2 (right angle), we have D F (p : q) = D F (p : r) + D F (r : q), and • when α r (γ rp ,γ * rq ) ∈ π 2 , π (obtuse angle), we have D F (p : q) > D F (p : r) + D F (r : q). Notice that when F (θ) = F Euc (θ) = 1 2 θ θ (Euclidean geometry) and θ(r) = 0, we get
Multiplying by two both sides of Eq. 54, we recover the usual law of cosines of Euclidean geometry illustrated in Figure 9 with a = p , b = q , c = p − q , and C = α r ([rp], [rq]):
We also have the following identity illustrated in Figure 10 :
where JB F and J F denote the Jensen-Bregman divergence [23] and the Jensen divergence [18] , respectively:
The family of categorical distributions forms a mixture family [24] in information geometry for the Shannon negentropy generator F Shannon , and we have B F Shannon (θ 1 : θ 2 ) = KL(p θ 1 : p θ 2 ). It follows that for any three categorical distributions p, q, and r, we have
since p+q 2 is a categorical distribution. In general, the identity does not hold for members of an exponential family (i.e., Gaussian family) since the mixture density p+q 2 does not belong to the exponential family. The categorical family is a very special case of family that is both an exponential family and a mixture family [3] .
Since there exists a bijection between regular exponential families and regular Bregman divergences [4] , we can state the parallelogram-type identity of Eq. 56 for parametric densities {p θ } belonging to the same exponential family [19] (with cumulant function F ) with respect to both the Kullback-Leibler divergence and the Bhattacharyya divergence [18] 
as: KL(p θ : p θ 1 ) + KL(p θ : p θ 2 ) = 2Bhat(p θ 1 , p θ 2 ) + 2KL p θ 1 +θ 2
since KL(p θ : p θ ) = B F (θ : θ) and Bhat(p θ : p θ ) = J F (θ, θ ) for densities p θ and p θ belonging to the same exponential family. For example, the identity of Eq. 63 applies to any two densities of the Gaussian family. The 3-parameter property of Bregman divergences is a particular instance of the following 4-parameter property [7] (a quadrilateral relation):
Property 2 (Bregman 4-parameter property) For any four points p 1 , p 2 , q 1 , q 2 , we have the following identity:
Indeed, let q 1 = p 1 . Then we recove:r
Similarly, let q 2 = p 2 . Then we get:
x2 Figure 10 : A parallelogram-type identity for Bregman divergences.
To derive the 4-parameter identity, we use twice the 3-parameter identity as follows:
Indeed, subtracting Eq. 70 from Eq. 69, we get
We can interpret geometrically the 4-parameter identity as follows:
(72) Note that the Bregman 4-parameter identity is said parallelogram-type, because if we choose F Euc (θ) = 1 2 θ θ = 1 2 θ 2 2 , then we have B F Euc (θ : θ ) = 1 2 θ − θ 2 , and the 4-parameter identity becomes for θ = 0:
the usual parallelogram identity for the L 2 -normed space. Finally, let us mention some special submanifolds in dually flat spaces: A k-dimensional submanifold S ⊂ M of a dually flat manifold M is said ∇-autoparallel [3] (∇ * -autoparallel) iff. the sets of points of S can be described by a k-dimensional affine flat in the θ-coordinate system (ηcoordinate system, respectively). Primal γ pq geodesics are 1D ∇-autoparallel submanifolds and dual γ * pq geodesics are 1D ∇ * -autoparallel submanifolds. Notice that the intersection of θ-flats is a θ-flat, but the intersection of a θ-flat with a η-flat is in general neither a θ-flat nor a η-flat.
In a Bregman manifold, we can also express the divergence between two points p and q using the Fenchel-Young divergence A F (also called the canonical divergence of dually flat spaces):
Thus we have D F (p : q) = B F (θ(p) : θ(q)) = A F (θ(p) : η(q)) = A F * (η(q) : θ(p)) = B F * (η(q) : η(p)) = D F * (q : p), (76) and D F * (q : p) = D F * (q : p) = D F (p : q) (where D F * is the reverse divergence).
Some examples of Bregman manifolds
We describe concisely the Mahalanobis manifolds in §2.4.1, the extended Kullback-Leibler manifold in §2.4.2, the Itakura-Saito manifold in §2.4.3, and the multinoulli manifolds ( §2.4.4).
The Mahalanobis manifolds
Consider the case where the Bregman generator is defined by
for a prescribed symmetric positive-definite D × D matrix Q 0. The Legendre-Fenchel convex conjugate [14, 15] is
and it follows that
The dual Riemannian metrics are
The dual geodesics γ pq and γ * qp in a Mahalanobis manifold coincide. The dual Bregman divergences are squared Mahalanobis distances [13, 21] :
and
We check that
since Q = Q. The squared Mahalanobis Bregman divergences are provably the only symmetric Bregman divergences [5] . In particular, when Q = I, the identity matrix, the dual Bregman divergences B F and B * F coincide with half of the squared Euclidean distance D E (θ 1 , θ 2 ) = 1 2 (θ 2 − θ 1 ) (θ 2 −θ 1 ). By using the Cholesky decomposition of Q, i.e., Q = LL where L is a lower triangular matrix with positive diagonal entries, we have B F Q (θ 1 :
where I denotes the identity matrix. Notice that the squared Mahalanobis divergences B F Q are non-separable Bregman divergences whenever Q has non-zero off-diagonal elements.
The Kullback-Leibler manifold
The extended Shannon negative entropy [18] 
is a strictly convex and C 3 function on Θ = R D ++ , i.e., a separable Bregman generator. Here, we consider the positive orthant domain instead of the probability simplex hence the name extended Shannon negentropy. We have the following conversion formula between the primal and dual coordinates:
The Legendre convex conjugate is
Itakura-Saito manifold
The D-dimensional Burg information (i.e., Burg negative entropy [22, 18] ) is defined by the following separable convex generator:
We have
and the Bregman divergence is called the Itakura-Saito divergence [5] :
We convex η-coordinates to θ-coordinates as follows:
20 and the dual Bregman generator is
where η ∈ R D −− . The dual Bregman divergence is
The dual Riemannian metric tensors are
, . . . , 1 sqr(η D ) .
(98)
The multinoulli manifolds
We can build a dually flat space from any strictly convex and C 3 convex function F [16] which also defines a Bregman generator. In particular, we can use the log-normalizer (also called cumulant function or log-partition function) of a regular exponential family [4] as such a Bregman generator [20] . Let us consider the multinoulli family (i.e., the multinomial family for a single trial also called the family of categorical distributions). The probability of a multinoulli distribution with d categories c 1 , . . . , c d such that Pr(x = c i ) = λ i is:
with x i ∈ {0, 1} and d i=1 x i = 1. Let us write the multinoulli probability mass function in the canonical form of an exponential family as
with the natural parameter θ i = log λ i λ d for i ∈ {1, . . . , d − 1}. The multinoulli distribution is an exponential family of order D = d − 1. The natural parameter space Θ is R D = R d−1 . We can convert back the natural parameter θ to the original parameters λ as follows:
, for i ∈ {1, . . . , D}
.
(104)
The log-normalizer is
The gradient of the log-normalizer is
and the reciprocal gradient is
The convex conjugate of F is
It follows that the Riemannian metric and dual Riemannian metric are Hessians of the potential functions F Mult (θ) and G Mult (η), respectively:
where 1 M denotes the D × D-matrix with all entries equal to 1, and diag(x 1 , . . . , x D ) the diagonal matrix with diagonal elements x 1 , . . . , x D . The dual Bregman divergences are
where KL is the discrete Kullback-Leibler divergence and KL * the reverse Kullback-Leibler divergence. We convert the expectation parameter η to the original parameter λ as follows:
In general, the Bregman divergence induced by log-normalizer of an exponential family amounts to a reverse Kullback-Leibler divergence [20] . Notice that the non-separable log-normalizer of a multinomial family yields a nice example of a non-separable Bregman divergence. The multinoulli manifold is called the Bernoulli manifold when D = 1 (i.e., d = 2), and the trinoulli manifold when D = 2 (i.e., d = 3).
3 Geodesic ∇-triangles with one, two, or three interior right angles
Geodesic ∇-triangles with one interior right angle
To build a geodesic ∇-triangle with a right angle, fix two points p and q (i.e., the first two triangle vertices), and consider the location of the third triangle vertex point r such that γ qr ⊥ q γ qp (i.e., γ qr (0) ⊥ qγqp (0)). We end up with the following linear equation which defines a θ-flat H θ q :
By restricting the solution r ∈ H θ q to the manifold M , we get:
The locii of points r of a ∇-triangle that form a right angle at q is H θ q ∩ M . θ η Figure 11 : An example of a geodesic ∇-triangle with a right angle at q: (thicker vertex is r). 
Geodesic ∇-triangles with two interior right angles
We now report the construction of two right angle ∇-triangles. That is, geodesic triangles with all primal geodesic edges (i.e., ∇-triangle), with both the right angles α p (q, r) = 90 o and α q (p, r) = 90 o . Figure 12 displays such a double right angle ∇-triangle for the Burg negentropy generator F IS (θ) yielding the Itakura-Saito divergence. Observe that because the metric tensor field g is not a scalar function of the Euclidean metric tensor g Euc , the Itakura-Saito Bregman geometry is not conformal (see Figure 5 ). Now, fix two points p and q, and let us seek for the third point r of the ∇-triangle γ pq γ qr γ rp such that it holds both simultaneously that (i) γ qr ⊥ q γ qp (i.e.,γ qr (0) ⊥ qγqp (0)) and (ii) γ pq ⊥ p γ pr (i.e.,γ pq (0) ⊥ pγpr (0)). We end up with the following system of equations:
It is a linear system Aθ = b with
When ∇ 2 F (θ) = Q 0 for a fixed positive-definite matrix and p = q, the system does not admit any solution (i.e., case of squared Mahalanobis distances which generalize the squared Euclidean distance and can have at most one right angle).
Otherwise, this linear system solves uniquely for asymmetric Bregman divergences [5] using Cramer's rule as
where | · | denotes the matrix determinant. Similarly, we can build ∇ * -triangles with two right angles by exchanging F ⇔ F * . Notice that having two right angles in a non-degenerate triangle makes it necessarily having an angle excess. Figure 13 displays the following two double right angle ∇-triangles (up to machine numerical precision) obtained for the following settings: Define the following two θ-flat submanifolds:
We end up with the following proposition:
Proposition 2 In a non-Mahalanobis Bregman manifold M , the locii of points r that form a double right angle with the geodesic arc γ pq is H θ q ∩ H θ q .
Remember that the intersection of θ-flats is a θ-flat.
Notice that if instead of constraining two interior angles of a ∇-triangle to have right angles, we ask for two prescribed angles α q (p, r) and α p (q, r), we would end up with the following system of non-linear equations to solve:
Solving this non-linear system for r gives a solution whenever the system is feasible.
Geodesic ∇-triangles with three interior right angles
Given a triple of points (p, q, r), we may consider two fundamental types of triangles (up to duality and point permutations): a ∇-triangle (type ppp) or a triangle of type pdp. Let us consider a geodesic ∇-triangle γ pq γ qr γ rp so that it holds simultaneously:
Writing the above constraints in the primal θ-coordinate system, we end up with the following system to solve:
Because of the Hessian matrices, this yields in general a non-linear system of equations to solve. The set of feasible solutions define the ∇-triangles with three right angles. In dimension D, we have 3D unknown (the D θ-coordinates of the points p, q, and r) for 3 constraints. That is, the system is underconstrained.
For the 2D Itakura-Saito manifold, the Hessian matrix at p is diag 1 sqr(θx) , 1 sqr(θy) . Thus we get the following system to solve: Letting θ y r = aθ x r + b, we get the following quadratic equation to solve:
We write the former equation into the following canonical form of quadratic equations:
Then we solve the quadratic equation, and get the two solutions: Let ∆ = B 2 − 4AC > 0 be the discriminant. We have the two quadratic roots: , and we recover θ y r = aθ x r + b and θ y r = aθ x r + b. One of the two solutions r or r coincide with point q (with coordinate θ(q)), so the solution point r is the remaining distinct point. Figure 14 displays an example of a triple (p, q, r) with doubly right-angle at q with the pair of constraints H η (p, q) and H η (p, q) passing through point q.
Let us give a numerical example. Set θ(p) = (θ x p , θ y p ) = (0.7273955397832663, 0.3279475469672596), θ(q) = (θ x q , θ y q ) = (0.46251884248040354, 0.3902872167636309). Then we solve the quadratic equation and find the two solutions θ(r) = (0.3065847355580658, 0.13822426240588664) and θ(r ) = (0.4625188424804033, 0.39028721676363043). Observe that r = q so that the solution is r = r . The triple (p, q, r ) holds simultaneously the dual Pythagorean theorems at point q. Figure 15 displays three examples of triples of points for which the dual Pythagorean theorems hold simultaneously. The triples of points displayed in Figure 15 are from left to right: Figure 15 : Three examples of triples of points (p, q, r) visualized in the θ-coordinate system for which the dual Pythagorean theorems hold simultaneously at q for the Burg negentropy generator. That is, we have both γ pq ⊥ q γ * qr and γ * pq ⊥ q γ qr : The two pairs of (red,blue) geodesics form a right-angle at q: A "doubly right-angle". From these two pairs of dual right angle geodesic arcs at q, we can obtain four geodesic triangles by choosing either the primal or dual geodesic edge for the triangle edge pq: Namely, γ pq γ qr γ * rp , γ * pq γ qr γ * rp and γ pq γ * qr γ rp , γ * pq γ * qr γ rp . These four triangles can be grouped into two dual pairs of dual geodesic triangles which exhibit a dually right angle at vertex q: (γ pq γ qr γ * rp , γ * pq γ * qr γ rp ) and (γ * pq γ qr γ * rp , γ pq γ * qr γ rp ). Similarly, solving the dual orthogonality constraint at q for the cubic generator F (θ) = 1 3 i θ 3 i yields a quadratic equation to solve. However, when considering the extended Shannon negentropy generator F (θ) = D i=1 θ i log θ i − θ i , we get a nonlinear equation (with sum of logarithmic terms) to solve: In 1D, we can easily run numerical optimization to approximate a solution numerically.
Conclusion
In a dually flat space [3] that we called a Bregman manifold in §2, geodesic triangles can either have angle excesses or angle defects like in arbitrary Riemannian geometry when the manifold is non self-dual (i.e., not of type Mahalanobis). First, we explained in §3 how to build geodesic ∇triangles with one, two or three right angles provided that the corresponding system of equations is feasible. The system of equations is linear up to two right angles but non-linear when dealing with three right angles. Second, we showed how to build triple of points (p, q, r) such that the dual Pythagorean theorems hold simultaneously at point q yielding a dually right angle at q: two dual pairs of right-angle dual geodesics. It turned out that the locii of such points r for given points θ-coordinate system η-coordinate system Figure 16 : Examples of convex quadrangles in the Itakura-Saito manifold. p and q is the intersection of a η-flat with a θ-flat. We reported the explicit construction of such triples for the Itakura-Saito manifold in §4.2.
In future work, we shall consider dually flat spaces for symmetric positive-definite matrices [25, 17, 2] where the inner product is the trace of a matrix product. We would also like to prove the following experimental observation: For the 2D Burg negentropy generator, the total sum α(T ) of the interior angles of a geodesic ∇-triangle (geodesic triangle with all primal edges) plus the total sum β = α(T * ) of the interior angles of a dual geodesic ∇ * -triangle (geodesic triangle with all dual geodesic edges) sum up to 2π. For example, for θ(p) = (0.5, 0.5), θ(q) = (0.75, 0.75) and θ(r) = (0.95, 0.25), we find that α(T ) = 160.19318300825412 o (angle defect), β = α(T * ) = 199.80681699174588 o (angle excess), and α + β = 360.0 o . This property seems only to hold for the 2D Itakura-Saito divergence and not in higher dimensions.
We shall also consider an extension of this work to study properties of geodesic convex k-gons instead of geodesic triangles (i.e., 3-gons) in dually flat spaces (2 k such geodesic k-gons). For example, the Lambert quadrilaterals [27] (i.e., 4-gons) have three right angles and the remaining angle which is acute in hyperbolic geometry, obtuse in spherical geometry, and a right angle in Euclidean geometry. In a dually flat space, we have 2 4 = 16 types of quadrilaterals defining overall 4 × 4 = 16 interior angles. 5 Figure 16 displays all pairs of dual geodesics of some convex quadrilaterals in the θ-and η-coordinate systems.
